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Abstract
We consider a non-anticommutative N = 2 superspace with an SU(2) singlet and Lorentz scalar
deformation parameter, {θαi, θβj}⋆ = −2iP ǫαβǫij . We exploit this unique feature of the N = 2
case to construct a deformation of the non-Abelian super-Yang-Mills theory which preserves
the full N = 2 supersymmetry together with the SU(2) R symmetry and Lorentz invariance.
The resulting action describes a kind of “heterotic special geometry” with antiholomorphic
prepotential f¯(φ¯) = Tr
(
φ¯2(1 + Pφ¯)−2
)
.
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1 Introduction
Supersymmetric field theories in non-commutative superspace have recently attracted consid-
erable interest in view of the fact that they describe some superstring effective actions in the
background of space-time supergravity fields [1]-[5]. Both bosonic [2] and fermionic [8, 9, 10]
deformations of superspace have been considered, giving rise to non-commutative ([x, x] 6= 0)
and non-anticommutative ({θ, θ} 6= 0) coordinates. In the latter case, depending on whether one
chooses the supercovariant derivatives Dα or the supersymmetry generators Qα as the differen-
tial operator defining the Poisson bracket, one obtains a supersymmetric [8, 9, 11] or a partially
supersymmetric [10] Moyal-Weyl star product.
In the case of extended (N > 1) supersymmetry there exists a wider class of non-anticommutative
deformations of superspace [11]:
{θαi, θβj}⋆ = P (αβ)(ij) + ǫαβP [ij] . (1)
Here α = 1, 2 is a left-handed Lorentz spinor index; i = 1, . . . , N is an index of the fundamental
irrep of the R symmetry group SU(N); ⋆ denotes the Moyal-Weyl star product; P (αβ)(ij) =
σαβµν Pµν (ij) is a constant self-dual Lorentz tensor symmetric in the SU(N) indices, while P [ij]
is a scalar antisymmetric in the SU(N) indices. The case N = 2 is exceptional since the second
deformation parameter in (1) becomes an SU(2) singlet, P [ij] = −2iP ǫij . Setting P (αβ)(ij) = 0
and keeping only P is the unique way of deforming superspace without breaking the R symmetry
(more precisely, its SU(2) part) and Lorentz invariance.
In this paper we investigate the deformedN = 2 super-Yang-Mills theory in a non-anticommutative
superspace with a singlet scalar deformation parameter P . We show that it is possible to de-
fine the star product through the spinor covariant derivatives Dαi with the striking result that
the deformed super-Yang-Mills theory preserves not only the SU(2) and Lorentz symmetries,
but also the full N = 2 supersymmetry (or (1, 1) supersymmetry in Euclidean notation). This
should be compared to the recently proposed deformations of the N = 1 and N = 2 gauge the-
ories which preserve only the (1/2, 0) half of the (1/2, 1/2) supersymmetry [10] and the (1/2, 0)
quarter of the (1, 1) supersymmetry [12, 13], respectively.
2 Star products in N = 2 superspace: Chirality vs G-analyticity
Four-dimensional N = 2 superspace is parametrized by an even (commuting) four-vector xµ and
by an SU(2) doublet of odd (anticommuting) Lorentz spinor coordinates θαi, θ¯α˙i, i = 1, 2. As
discussed in the Introduction, we wish to study the following non-anticommutative deformation:
{θαi, θβj}⋆ = −2iP ǫαβǫij (2)
(the coefficient −2i is chosen for convenience). It should be stressed that this definition violates
reality, i.e., θ¯ 6= (θ)∗ anymore. This is only possible in Euclidean space, but following [10], we
will continue to use the Lorentzian signature notation.
In different terms, the non-anticommutativity of the θs is a consequence of replacing the usual
product A(θ)B(θ) by the fermionic Moyal-Weyl star product [8, 9]
A ⋆ B = A exp
(
iP ǫαβǫij
←−
ð αi
−→
ð βj
)
B (3)
1
Here ðαi is a differential operator such that {ðαi,ðβj} = 0 and ðαiθβj = ±δβαδjj . The anticom-
mutativity of the ðαi guarantees that the star product is associative,
(A ⋆ B) ⋆ C = A ⋆ (B ⋆ C) , (4)
but it remains, in general, non-commutative.
As discussed in detail in Ref. [11], there exist two inequivalent choices of ðαi: One can use either
the supersymmetry generators Qαi or the covariant spinor derivatives Dαi. The first choice has
the advantage that it preserves chirality, a basic property of N = 1 supersymmetric field theory,
but it breaks half of the supersymmetry (since {Q¯,Q} 6= 0). This choice was successfully used in
Ref. [10] to construct deformations of the N = 1 theories of matter and gauge supermultiplets
which preserve the left-handed (i.e., generated by Qα) half of N = 1 supersymmetry. The second
choice preserves the full supersymmetry (since {Q¯,D} = {Q,D} = 0) but it breaks left-handed
chirality (defined by D¯Φ = 0).
The difference between these two choices becomes more clear after examining the deformed
(anti)commutators of the coordinates in the chiral basis in superspace. Chiral superfields are
defined by the differential constraint
D¯iα˙Φ(x, θ, θ¯) = 0 (5)
where the supercovariant derivative D¯iα˙ and its conjugate Dαi satisfy the algebra
1
{Dαi,Dβj} = {D¯iα˙, D¯jβ˙} = 0 ,
{Dαi, D¯jα˙} = 2iδji (σµ)αα˙∂µ . (6)
Chirality becomes manifest in the appropriate left-handed chiral basis in superspace
xµL = x
µ + iθiσµθ¯i, θ
αi, θ¯α˙i , (7)
in which D¯iα˙ = ∂/∂θ¯
α˙
i and condition (5) has the solution Φ = Φ(xL, θ). In this new basis the
left-handed supersymmetry generator Qαi and supercovariant derivative Dαi take the form
Qαi = −i ∂
∂θαi
, Dαi = − ∂
∂θαi
+ 2iθ¯α˙i (σ
µ)αα˙
∂
∂xµL
. (8)
Then, using the star product (3) with ðαi = iQαi or alternatively with ðαi = Dαi to compute
the (anti)commutators of the coordinates (7), we find that the Q deformation only affects the
θs as postulated in (2),
{θαi, θβj}⋆Q = −2iP ǫαβǫij , (9)
while the D star product deforms the entire left-handed chiral subspace xµL, θ
αi:
[xµL, x
ν
L]⋆D = 8P θ¯iσ˜
µν θ¯i
[xµL, θ
αi]⋆D = −4P (θ¯iσ˜µ)α (10)
{θαi, θβj}⋆D = −2iP ǫαβǫij .
In N = 2 supersymmetry we have an alternative choice of an invariant subspace involving half
of the odd coordinates, the so-called Grassmann (or G-) analytic superspace [15]. It is best
1We use the conventions of [14]. In particular, we raise and lower SU(2) and Lorentz spinor indices with the
help of the ǫ tensor, e.g., Di = ǫijDj , D¯i = ǫijD¯
j (ǫijǫ
jk = δki , ǫ12 = 1).
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formulated by introducing new even superspace coordinates, the so-called harmonic variables
u±i [16, 14] which form an SU(2) matrix:
‖ u ‖ ∈ SU(2) : u+iu−i ≡ u+iǫiju−j = 1 , u+i = u−i . (11)
With the help of u±i we can split the SU(2) doublet indices of the spinor derivatives into U(1)
projections,
D±α = u
±
i D
i
α, D¯
±
α˙ = u
±
i D¯
i
α˙ , (12)
so that, e.g., Dαi = u
+
i D
−
α − u−i D+α (using the completeness condition u+i u−j − u+j u−i = ǫij). In
this way we see that the algebra (6) contains the ideal
{D+α ,D+β } = {D+α , D¯+α˙ } = {D¯+α˙ , D¯+β˙ } = 0 , (13)
which allows us to define G-analytic superfields satisfying the conditions
D+αΦ(x, θ, θ¯, u) = D¯
+
α˙Φ(x, θ, θ¯, u) = 0 . (14)
This is the natural generalization of the notion of chirality in extended (N > 1) supersymmetry.
In fact, in the case N = 2 G-analyticity takes over the fundamental roˆle which chirality plays in
N = 1 supersymmetric field theory (see Section 3 for a brief review).
Just as chirality becomes manifest in the chiral basis (7), G-analyticity (14) does so in the
appropriate G-analytic basis
xµA = x
µ − iθiσµθ¯j(u+i u−j + u+j u−i ), θ±α = θαiu±i , θ¯±α˙ = θ¯α˙iu±i , (15)
where
D+α = ∂/∂θ
−α , D¯+α˙ = ∂/∂θ¯
−α˙ (16)
and conditions (14) are solved by Φ = Φ(xA, θ
+, θ¯+, u). In other words, N = 2 superspace has
a G-analytic subspace closed under supersymmetry which involves only half (but not the chiral
half!) of the odd coordinates, θ+, θ¯+.
Let now us see how the two deformations, Q and D, affect the coordinates in the G-analytic
basis (15). In this basis we have
Q+α = Q
i
αu
+
i = i
∂
∂θ−α
+ 2θ¯+α˙(σµ)αα˙
∂
∂xµA
Q−α = Q
i
αu
−
i = −i
∂
∂θ+α
(17)
D−α = D
i
αu
−
i = −
∂
∂θ+α
+ 2iθ¯−α˙(σµ)αα˙
∂
∂xµA
Next, projecting the operator ðαi in the star product with harmonics and using (17), we find
the effect of the Q and D deformations:
[xµA, θ
+α]⋆Q = −4P (θ¯+σ˜µ)α , {θ+α, θ−β}⋆Q = 2iP ǫαβ ; (18)
[xµA, θ
−α]⋆D = −4P (θ¯−σ˜µ)α , {θ+α, θ−β}⋆D = 2iP ǫαβ . (19)
Besides the desired non-anticommutativity of the odd coordinates (the non-vanishing harmonic
projection of eq. (2)), the two deformations also induce a non-trivial commutator among the
3
even and odd coordinates. However, with Q this new deformation takes place within the G-
analytic subspace itself, while with D it stays outside (θ−, θ¯− do not belong to the G-analytic
subspace).
The discussion above shows that before using the singlet scalar deformation parameter P in
N = 2 superspace, we have first to decide whether we wish to preserve the notion of chirality
or of G-analyticity. In the former case it is preferable to work with the Q deformation, while
in the latter the D deformation should be our choice. Since both the N = 2 matter and gauge
theories are based on G-analyticity, from now on we adopt the definition
A ⋆ B = A exp
(
iP ǫαβǫij
←−
Dαi
−→
Dβj
)
B . (20)
3 N = 2 matter and gauge theories
In this section we give a very brief review of the harmonic superspace formulation of the N = 2
matter and gauge theories (for the details see [14]). In both cases the basic objects, the N = 2
hypermultiplet and the gauge potential, are described by G-analytic superfields. It is important
to make it clear that because of the harmonic-dependent shift (15) a G-analytic superfield
Φ(xA, θ
+, θ¯+, u) is necessarily a function of the harmonic variables. Such functions are defined
as harmonic expansions on the coset S2 ∼ SU(2)/U(1). In practical terms, this expansion goes
over the irreducible monomials of u± carrying a definite U(1) charge q. For example, for q ≥ 0
we define
f (q)(u) =
∞∑
n=0
f (i1...in+qj1...jn)u+i1 . . . u
+
in+q
u−j1 . . . u
−
jn
, (21)
where the coefficients f (i1···jn) are symmetric traceless SU(2) tensors (irreps of isospin n/2).
These infinite expansions can be reduced to polynomials by the differential condition of harmonic
(or H-) analyticity
∂++f q(u) = 0 ⇒ f q(u) = f i1···iqu+i1 · · · u+iq if q ≥ 0; (22)
⇒ f q(u) = 0 if q < 0, (23)
where the harmonic derivative ∂++ acts as follows:
∂++u− = u+ , ∂++u+ = 0 . (24)
This derivative and its conjugate defined by
∂−−u− = 0 , ∂−−u+ = u− , (25)
are just the raising and lowering operators of the SU(2) algebra realized on the charges ± of the
harmonics:
[∂++, ∂−−] = ∂0 . (26)
Here ∂0 is the charge counting operator, ∂0u± = ±u± and ∂0f q(u) = qf q(u).
In the G-analytic basis (15), where the spinor derivatives D+α , D¯
+
α˙ become short (see (16)), the
harmonic derivatives acquire new, space-time terms:
D±± = ∂±± − 2iθ±σµθ¯± ∂
∂xµA
. (27)
As a consequence, the combination of G- and H-analyticity on a harmonic superfield of charge
+1 is equivalent to the on-shell constraints of the N = 2 hypermultiplet [16, 14]:
4
D++q+(xA, θ
+, θ¯+, u) = 0 ⇒ (28)
q+ = f i(xA)u
+
i + θ
+αψα(xA) + θ¯
+
α˙ κ¯
α˙(xA) + 2iθ
+σµθ¯+∂µf
i(xA)u
−
i ,
where the component fields satisfy their free field equations f i = ∂ · σψ = ∂ · σκ¯ = 0. Most
importantly, this approach allows one to go off shell and write down the free hypermultiplet
action in the form of a G-analytic superspace integral:
SN=2matter = −
∫
du d4xA d
2θ+ d2θ¯+ q˜+D++q+ . (29)
Note that the conjugate superfield q˜+(xA, θ
+, θ¯+, u) is also G-analytic and not antianalytic.2
This is an important difference from the N = 1 case where the free matter action is writ-
ten down as a full superspace integral of a chiral and an antichiral superfields, SN=1matter =∫
d4x d2θ d2θ¯ Φ¯(xR, θ¯)Φ(xL, θ) (here xR is the complex conjugate of xL from (7)).
The form of the hypermultiplet action (29) immediately suggests to introduce the N = 2
gauge superfield as the gauge connection for the harmonic derivative. Suppose that the mat-
ter superfield q+ transforms in, e.g., the adjoint representation of a non-Abelian gauge group,
δq+ = i[Λ, q+]. It is clear that the gauge parameter must be G-analytic, Λ = Λ(xA, θ
+, θ¯+, u),
just like the matter superfield itself.3 Then the harmonic derivative in (29) needs to be covari-
antized:
D++q+ → ∇++q+ = D++q+ + i[V ++, q+] , (30)
where the gauge connection is another G-analytic superfield V ++(xA, θ
+, θ¯+, u). It transforms
in the familiar way
δV ++ = −D++Λ+ i[Λ, V ++] . (31)
This harmonic connection is the unconstrained off-shell gauge superfield of N = 2 SYM theory.
Notice the sharp difference from the N = 1 case, where the gauge superfield has the form of a
gauge transformation eiV (x,θ,θ¯) rather than of a gauge connection.
The component content of the SYM theory is revealed in the Wess-Zumino gauge. It is obtained
by examining the linearized (or Abelian) gauge transformation δV ++ = −D++Λ and by com-
paring the component content of the gauge superfield and parameter. Unlike the N = 1 case,
where the gauge superfield V (x, θ, θ¯) is real and the parameters are (anti)chiral, here both of
them are of the same, G-analytic type. However, the difference comes from their U(1) charges,
+2 for V ++ and 0 for Λ. For instance, the lowest components in their θ expansions are (recall
(21)) V ++|θ=0 = vij(xA)u+i u+j + · · · and Λ|θ=0 = a(xA) + aij(xA)u+i u−j + · · · . Thus, we can
completely gauge away V ++|θ=0 by using the entire Λ|θ=0 but its SU(2) singlet component a(xA)
which is identified with the ordinary gauge parameter. Proceeding in the same way with all the
components in the two Grassmann and harmonic expansions, it is not hard to show [14] that
the following WZ gauge exists:
V ++WZ = −2iθ+σµθ¯+Aµ(xA)− i
√
2(θ+)2φ¯(xA) + i
√
2(θ¯+)2φ(xA)
+ 4(θ¯+)2θ+αλiα(xA)u
−
i − 4(θ+)2θ¯+α˙ λ¯α˙i(xA)u−i + 3(θ+)2(θ¯+)2Dij(xA)u−i u−j ;
ΛWZ = a(xA) . (32)
Clearly, in the WZ gauge the connection V ++ contains only a finite set of components, the gauge
field Aµ, the physical scalars φ, φ¯ and spinors λ, λ¯ and the auxiliary field D
ij. The rest of the
2In N = 2 harmonic superspace there exists an operation combining complex conjugation with the antipodal
map on S2 which preserves G-analyticity [14].
3Similarly, in the N = 1 case the (anti)chiral matter superfields transform with (anti)chiral gauge parameters.
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infinite harmonic expansion on S2 are pure gauge degrees of freedom which are matched by the
expansion of the parameter Λ. Note also that V ++WZ is nilpotent, just like the N = 1 VWZ.
In the standard Minkowski superspace formulation of the N = 2 gauge theory the G-analytic
superfield V ++ satisfies a reality condition, V˜ ++ = V ++. Consequently, the components in (32)
are either real (Aµ and D
ij) or are related to each other by complex conjugation (φ to φ¯ and
λ to λ¯). However, in view of the deformation (20) which we want to introduce, we should use
a Euclidean formulation where θ¯ is not the complex conjugate of θ. In this case the scalars φ,
φ¯ and the spinors λ, λ¯ should be treated as independent fields and not as complex conjugates.
This will be important in our discussion of the deformed SYM action in Section 4.
The N = 2 SYM action can be written down as an (anti)chiral superspace integral:
SN=2SYM =
1
64
∫
d4xL d
4θ Tr(WW ) =
1
64
∫
d4xR d
4θ¯ Tr(WW ) . (33)
The curvature superfield W arises in the anticommutator of two gauge covariant spinor deriva-
tives, {∇iα,∇jβ} = − i2ǫijǫαβW . In fact, this is the only (anti)chiral object allowed in the N = 2
non-Abelian gauge theory (the chirality condition on any other superfield would be incompatible
with the algebra of the gauge covariant derivatives). In the harmonic superspace approach W
is not expressed directly in terms of the unconstrained gauge superfield V ++, but in terms of
the gauge connection for the other harmonic derivative D−− (recall (27)), ∇−− = D−−+ iV −−.
Although the pure harmonic derivatives (24), (25) are related by complex conjugation, this is
not true for their supersymmetrized and gauge covariant counterparts. Instead, the condition
which relates V −− to the G-analytic prepotential V ++ is the covariant version of the SU(2)
commutation relation (26) (the charge operator ∂0 remains flat):
[∇++,∇−−] = ∂0 ⇒ D++V −− −D−−V ++ + i [V ++, V −−] = 0 , (34)
which can also be rewritten as follows:
∇++V −− = D−−V ++ . (35)
Note that V −− cannot be G-analytic since the derivative D−− does not commute with D+, D¯+.
This is a differential equation for V −− on S2 which has a unique solution.4 The explicit solution,
which will not be needed here, can be represented as a power series in V ++ [17, 14] or it can be
worked out directly in the WZ gauge (32).
Once V −− has been found, the (anti)chiral curvatures W,W are given by the simple expressions
W = D¯+α˙ D¯
+α˙V −− ≡ (D¯+)2V −− , W = D+αD+α V −− ≡ (D+)2V −− . (36)
Let us check the gauge covariance of, e.g., W :
δW = (D+)2
(−D−−Λ+ i[Λ, V −−])
= D+αD−αΛ + i[Λ, (D
+)2V −−]
= i[Λ,W ] . (37)
Here we have used the G-analyticity of the gauge parameter Λ and the flat (anti)commutation
relations
[D−−,D+α ] = D
−
α , (38)
{D±α ,D±β } = 0 . (39)
4The reason is that the homogeneous equation D++V −− = 0 for a negative-charged harmonic function has no
solution, see (23).
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It is easy to show that W is annihilated by the gauge covariant harmonic derivative:
∇++W = D++(D+)2V −− + i[V ++,W ]
= (D+)2(D−−V ++ − i [V ++, V −−]) + i[V ++,W ]
= −i[V ++,W ] + i[V ++,W ] = 0 (40)
where we have used the flat relations (38), (39) and [D++,D+α ] = 0, the defining equation
(34) and the G-analyticity of V ++. Since W carries no U(1) charge, eq. (40) implies that
it is harmonic independent. Strictly speaking, this only applies to the Abelian curvature for
which eq. (40) becomes D++W = 0. The gauge covariant non-Abelian curvature W is only
covariantly independent. However, the gauge invariant Lagrangian L = Tr(WW ) is simply
harmonic independent, D++L = 0.
The covariant harmonic independence of W yields that it is annihilated by the other harmonic
derivative as well,
∇−−W = D−−W + i[V −−,W ] = 0 . (41)
This property is not derived by algebraic manipulations but rather follows from the fact that
eq. (34) is a zero-curvature condition (see [14] for details). This means that both V ++ and V −−
can be written in the “pure gauge” form V ±± = −ieibD±±e−ib. Here eib is the analog of the
N = 1 eiV , although it is a constrained superfield in the N = 2 case. With its help one can
gauge-rotate the curvature, W
′
= eibWe−ib, so that the covariant equation (40) becomes flat,
D++W
′
= 0 ⇒ D−−W ′ = 0.
Finally, the antichirality of W is partially manifest, since its expression (36) satisfies D+αW =
u+i D
i
αW = 0. However, this is only half of the antichirality condition, the other half takes a
covariant form. Indeed, if in this scheme the flat spinor derivative D+α is gauge covariant and
satisfies the commutation relation
[∇++,D+α ] = 0 ⇔ D+α V ++ = 0 , (42)
the same is not true for ∇−α which is defined through the covariant version of eq. (38):
∇−α = [∇−−,D+α ] . (43)
So, hitting eq. (41) with D+α and using (43) we obtain
∇−αW = 0 ⇒ D−αW = i[D+α V −−,W ] . (44)
Once again, the gauge invariant and harmonic independent Lagrangian L = Tr(WW ) is antichi-
ral in the usual sense, D±αL = 0 ⇒ DiαL = 0.
4 Deforming N = 2 super-Yang-Mills
If two superfields A,B are antichiral, Dαi(A,B) = 0, or G-analytic, D
+
α (A,B) = D¯
+
α˙ (A,B) = 0,
their star product (20) is reduced to the usual one, A ⋆ B = AB. This is however not true if
one of the superfields does not have this property. In particular, if A is G-analytic but B is not,
their star commutator does not vanish:
[A,B]⋆ = [A,B]− iP
[
D−αA,D+αB
]
+
P 2
4
[
(D−)2A, (D+)2B
]
. (45)
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To obtain (45) we have projected Dαi in (20) with harmonics. We have also taken into account
the G-analyticity of the factor A, D+αA = 0. Note that expanding the exponential in (20) we
also obtain terms cubic or quartic in the spinor derivatives, e.g., D−(D+)2 or D+(D−)2, but
they vanish when one of the factors is G-analytic.
Let us apply this to the N = 2 gauge theory. As before, we choose a G-analytic harmonic
gauge connection V ++(xA, θ
+, θ¯+, u). The analog of the gauge transformation (31) remains
undeformed,
δV ++ = −D++Λ+ i[Λ, V ++]⋆ = −D++Λ+ i[Λ, V ++] (46)
because both Λ and V ++ are G-analytic. Consequently, the WZ gauge (32) is still valid. How-
ever, the non-analytic gauge connection V−− is affected by the deformation:
δV−− = −D−−Λ+ i[Λ,V−−]⋆ . (47)
Similarly, the defining differential equation (34) is deformed as well:
D++V−− −D−−V ++ + i [V ++,V−−]
⋆
= 0 , (48)
or in detail (cf eq. (35)),
∇++V−− −D−−V ++ + P [D−αV ++,D+α V−−]+ iP
2
4
[
(D−)2V ++, (D+)2V−−] (49)
where ∇++ is the undeformed gauge covariant harmonic derivative.
Further, trying to construct the deformed curvatures (36) we realize that the expression for the
chiralW is not covariant anymore because (D¯+)2[Λ,V−−]⋆ 6= [Λ, (D¯+)2V−−]⋆ (since {D¯+,D−} 6=
0). This is of course a consequence of the fact that our star product (20) breaks chirality. On
the contrary, the antichiral W = (D+)2V−− still is gauge covariant because [Λ,W ]⋆ = [Λ,W ]
(both Λ and W are annihilated by D+). We conclude that only the second of the two forms of
the N = 2 SYM action (33), which were equivalent in the undeformed case, can be used after
the deformation (20).
In order to find the deformed action, we still need to solve eq. (49) for V−−. We proceed as
follows. Assume that we know the solution of eq. (35) for the undeformed connection V −−.
With its help we construct the undeformed antichiral curvature W = (D+)2V −−. Next, a
straightforward but lengthy calculation, making use of eq. (35), of the properties of W and of
the various relations listed at the end of Section 3, shows that the following expression
V−− = V −− + P
4
[
D+αV −−,
{
D+αV
−−,
(
1 + PW
)−1}]− iP 2
4
[
W
(
1 + PW
)−1
,D+αD−α V
−−
]
(50)
is the (unique) solution of eq. (49). Then, from eq. (50) we easily obtain the deformed curvature
W = (D+)2V−− = W
1 + PW
. (51)
Another direct calculation shows that it satisfies the deformed versions of eq. (41)
∇−−⋆ W = D−−W + i[V−−,W ]⋆ = 0 , (52)
and of its corollary (44).
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Finally, the deformed action reads
SN=2deformed SYM =
1
64
∫
d4xR d
4θ¯ TrW2 = 1
64
∫
d4xR d
4θ¯ Tr
(
W
1 + PW
)2
. (53)
Note that the product used in (53) is the ordinary one, W ⋆ W = WW, since W and W
are annihilated by D+α . Also, the action (53) is manifestly invariant under the full N = 2
supersymmetry. So, the only effect of our deformation is the particular non-minimal gauge
invariant coupling in (53).
This action resembles the so-called “special geometry” actions [18, 19, 20]
S =
∫
d4xL d
4θ f(W ) +
∫
d4xR d
4θ¯ f¯(W ) (54)
where f(W ) is a holomorphic gauge invariant function of the chiral curvature W . The main
difference is that in (53) we only see the antiholomorphic term (recall that our deformation does
not allow us to construct W ). Clearly, our action is not real, but this violation of reality just
reflects the choice of the star product (20) and is also observed in the N = 1 case [10].
Let us examine the nature of the interaction terms contained in the deformed action. For
simplicity we restrict ourselves to the Abelian case only, the full non-Abelian component action
can be found in [18]. We first expand W (which now is the standard Abelian N = 2 curvature)
in terms of the component fields (32):
W (xR, θ¯) = φ¯(xR) + θ¯α˙iλ¯
α˙i + θ¯iσ˜
µν θ¯iF−µν + θ¯iθ¯jD
ij + (θ¯3)iα˙(σ˜
µ)α˙αi∂µλαi − (θ¯)4φ , (55)
where F−µν is the anti-selfdual part of the Abelian field strength. Introducing the antiholomorphic
function f¯(φ¯) = φ¯2(1+Pφ¯)−2 = φ¯2−2Pφ¯3+3P 2φ¯4+O(P 3), we find the component Lagrangian
L = −1
2
f¯ ′(φ¯)φ− 1
4
f¯ ′′(φ¯)(F−µν)
2 − 1
2
f¯ ′′(φ¯)λ¯iσ
µi∂µλ
i +
1
8
f¯ ′′(φ¯)DijDij
+
1
2
f¯ ′′′(φ¯)λ¯α˙iλ¯β˙j
[
ǫij(σ˜µν)α˙β˙F−µν + ǫ
α˙β˙Dij
]
+ f¯ iv(φ¯)(λ¯)4 . (56)
In the N = 1 Abelian case [10] the only deformation term has the form λ¯α˙λ¯β˙ǫ
α˙β˙CµνF+µν . Our
term λ¯iσ˜
µν λ¯jǫ
ijF−µν can only exist in N = 2, since it is made out of two fermion fields, λ¯1λ¯2. In
addition, here we have some new, purely bosonic terms. Let us examine the corresponding field
equations in which we set the fermions to zero for simplicity:
δφ : 
[
f¯ ′(φ¯)
]
= 0
δφ¯ : φ = − f¯
′′′(φ¯)
2f¯ ′′(φ¯)
(F−µν)
2 (57)
δAν : ∂µ
[
f¯ ′′(φ¯)F−µν
]
= 0
δDij : D
ij = 0 .
It is clear that after the field redefinition ϕ¯ = f¯ ′(φ¯) the scalar ϕ¯ becomes a free field (this is
true even in the presence of the fermions). However, the scalar φ has a source proportional to
the deformation parameter P .5 Similarly, the right-handed spinor remains free (after the field
redefinition τ¯α˙i = f¯
′′(φ¯)λ¯α˙i), but the left-handed λ interacts with the other fields. This suggest
to use the term “heterotic special geometry” to characterize the deformed action (53).
5It is important to reiterate that in the Euclidean superspace formulation that we are using, the fields φ, φ¯
and λ, λ¯ are not related to each other by complex conjugation, but should be treated as independent fields.
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5 Conclusions
In this paper we have exploited the unique possibility of deforming N = 2 superspace with a
singlet scalar parameter P and have constructed the corresponding deformed non-Abelian gauge
theory. Our Moyal-Weyl star product is manifestly supersymmetric. Although the deformation
does not affect the G-analytic gauge superfield and its WZ gauge, it manifests itself in the form
of non-polynomial corrections to the antichiral curvature. In this way we have demonstrated
that it is possible to have a deformed action which preserves the full N = 2 supersymmetry.
We remark that the coupling of the N = 2 SYM gauge superfield V ++ to the hypermultiplet
matter superfield q+ (29), (30) remains undeformed since both superfields are G-analytic, so
[V ++, q+]⋆ = [V
++, q+]. It is well known that such a gauge-matter system is equivalent to
the N = 4 SYM theory. In other words, the action SN=2matter + S
N=2
SYM has two extra non-linear
supersymmetries which transform V ++ and q+ into each other [14]. Our deformation affects
only the N = 2 gauge sector, so it is likely to break the N = 4 supersymmetry down to N = 2.
Finally, a word about the possibility to employ the Lorentz tensor and SU(2) triplet deformation
parameter Pµν(ij) from eq. (1). If we still insist on using the D star product (and thus on
preserving the full supersymmetry), we are going to break G-analyticity. Indeed, if both A and
B are G-analytic, in A ⋆ B we can have terms like Pαβ++D−αAD
−
β B which are not G-analytic.
Since G-analyticity is crucial for constructing the N = 2 SYM action, the way out could be to
give up half of the N = 2 supersymmetry by using ð = iQ in the star product (following [10]).
This alternative deformation is under investigation.
Note added. After the first version of this paper had been submitted to the e-archive we became
aware of the recent paper [21] where the deformations of harmonic superspace, in particular the
Q deformation with a singlet scalar parameter, are discussed.
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